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1. Introduction 

This is the first of a series of papers dealing with the asymptotic behavior of certain integrals 
occuring in the description of the spectrum of an invariant elliptic operator on a compact Rie- 
mannian manifold M carrying the action of a compact, connected Lie group of isometrics G, and 
in the study of its equivariant cohomology via the moment map JJ : T*M g*, where T*M and 
denote the cotangent bundle of M and the Lie algebra of G, respectively. In the latter context 
[6l [H [Ml [2] , the mentioned integrals are of the form 



JT'Mxa 



0^ 

• M X g 

where dm is a density on T*M, dX is the Lebesgue measure in g, and a e C^(T*Af x g) is an 
amplitude. While asymptotics for /(/i) have been obtained for free group actions, one meets with 
serious difficulties when singular orbits are present. The reason is that, when trying to examine 
these integrals via the generalized stationary phase theorem in the case of general effective actions, 
the critical set of the phase function JJ(m)(X) is no longer a smooth manifold, so that, a priori, the 
principle of the stationary phase can not be applied in this case. Nevertheless, in what follows, we 
shall show how to circumvent this obstacle by partially resolving the singularities of the critical 
set of JI(m)(X), and in this way obtain asymptotics for /(/i) with remainder estimates in the case 
of singular group actions. We shall restrict ourselves first to orthogonal group actions in R", while 
the global theory, together with the applications, shall be treated in a second paper. 
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2. Compact group actions and the moment map 

From now on let G be a compact, connected Lie group with Lie algebra g acting orthogonally 
on Euclidean space E". Note that any finite-dimensional, separable metric G"-space with only 
finitely many orbit types, where G' is a compact Lie group, may be embedded equivariantly in an 
orthogonal action of G' on some Euclidean space, see Brcdon [3 , Section IL 10. The considered type 
of group actions is therefore already quite general. Consider now the cotangent space r*E" ~ R^", 
endowed with the canonical coordinates {xi, . . . , x„, ^i, . . . It constitutes a symplectic manifold 
whose symplectic form is given by 

n 

uj = dO — dS^i A dxi, 

where 9 = J^Cidxi is the Liouville form. The group G acts on T*M" by g{x,£^) — {gx,g^) in a 
Hamiltonian way, and if we denote by X the fundamental vector field generated by an clement X 
of g, the corresponding moment map is given by 

J : T*R" ~ M" X R" ^ g*, I{x, ^){X) = e{X){x, ^ = {Xx, , 

where (■, •) is the Euclidean inner product in R". We are interested in the asymptotic behavior of 
integrals of the form 

(1) I{p)^ I /"e*'^(^'«'^)/^a(a;,C,X)dXd^dx, M 0+, 

where dxd£,, and dX are Lebesgue measures in T*M", and g, respectively, a G CJf (T*R" x g), and 

iPix,^,X)^Iix,OiX)^{Xx,0- 

We would like to study the integrals /(/i) by means of the generalized stationary phase theorem, 
and for this we have to consider the critical set of the phase function ip{x, ^, X) given by 

Crit(^) = {{x; e, X) e r*R" X g : V, (a;, ^) = 0} = { (x, X) G O X g : X G 3{x,i) } , 

where 

n = r\0) = {{x,0 e T*R" : (Ax,0 = for all A e q} 
represents the zero level of the moment map, and 

g(,,^) ={X eg:Xx = 0, X^ = 0} 

denotes the Lie algebra of the isotropy group G(^x,^) statilizing the point (a;,^). Now, the major 
difficulty in applying the generalized stationary phase theorem in our setting stems from the 
fact that, due to the singular orbit structure of the underlying group action, the zero level of 
the moment map, and, consequently, the considered critical set Crit(?/;), are in general singular 
varieties. In fact, if the G-action on r*R" is not free, the considered moment map is no longer a 
submersion, so that il and the symplectic quotient fl/G are not smooth anymore. Nevertheless, it 
can be shown that these spaces have Whitney stratifications into smooth submanifolds, see [T5] . 
and Ortega-Ratiu [T2], Theorems 8.3.1 and 8.3.2, which correspond to the stratifications of T*R"', 
and R" by orbit types, see Duistermaat-Kolk T. In particular, Q has a principal stratum given 

by 

Regfi = {(x,^) G : G(^_^) is of principal type} , 

which is an open and dense subset of fi, see Cassanas-Ramacher [4], Proposition 2. In addition, 
Reg r2 is a smooth submanifold in R^" of codimension equal to the dimension k of a principal orbit. 
It is then clear that the smooth part of Crit(il^) is given by 

RegCrit(V') = {{x,^,X) eRegflx q: X e g(^,4)} , 
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and constitutes a submanifold of codimcnsion 2k. To obtain an asymptotic description of /(/i), 
we shall partially resolve the singularities of Cnt{ip), for which wc will need a suitable G-invariant 
covering of R". More generally, and following Kawakubo 9J, Theorem 4.20, we shall construct such 
a covering for an arbitrary compact Riemannian if- manifold M , where X is a compact, connected 
Lie group of isometries. Thus, let (Hi), . . . (Hl) denote the isotropy types of M, and arrange them 
in such a way that 

Hj is conjugated to a subgroup of Hi i < j. 

Let H C K he a, closed subgroup, and M{H) the union of all orbits of type K/H . Then M has a 
stratification into orbit types according to 

A/ = A/(i^l)U■••UA-f(i^L)• 
By the principal orbit theorem, the set M{Hl) is open and dense in M, while M{Hi) is a closed, 
X-invariant submanifold. Denote by vi the normal iiT-vector bundle of M{Hi), and by /i : I'l ^ M 
a if-invariant tubular neighbourhood of M{Hi) in M . Take a iiT-invariant metric on z^i, and put 

Dt{,vi) = {vevi:\\v\\<t}, t>0. 
We then define the compact, iiT- invariant submanifold with boundary 

M2=M - h{Di/2 (i^i)), 

on which the isotropy type {Hi) no longer occurs, and endow it with a if- invariant Riemannian 
metric with product form in a if -invariant collar neighborhood of d M2 in M2. Consider now 
the union M2{H2) of orbits in M2 of type K/H2, a compact if -invariant submanifold of M2 with 
boundary, and let f2 '■ V2 ^ M2 be a if-invariant tubular neighbourhood of M2{H2) in M2, which 
exists due to the particular form of the metric on M2. Taking a if-invariant metric on 1^2, we 
define 

M3 ^ M2 - f2{Dl/2 (1^2)), 

which constitutes a compact if-invariant submanifold with corners and isotropy types (iia), • . • {Hl)- 
Continuing this way, one finally obtains for M the decomposition 

M - h{Di/2{^,)) U • • • U fL{Di,2{yL)), 

where we identified /l(£'i/2('^l)) with M^, which leads to the covering 

M = hCoi {yi)) U • ■ • U fLihi {vl)), hihi {vl)) ^Ml ■ 
In exactly the same way, one shows the existence of a covering 

K"=/i(i^i (;^i))U (1)1 {vl)) 

o o 

of M" by G-invariant tubular neighbourhoods, where fhiDi (i^l)) =R"l, the notation being as 
before. 

3. The desingularization process 

Let us now start resolving the singularities of the critical set Crit(-0). For this, we will have 
to set up an iterative desingularization process along the strata of the underlying G-action, where 
each step in our iteration will consist of a decomposition, a monoidal transformation, and a re- 
duction. For simplicity, we shall assume that at each iteration step the set of maximally singular 
orbits is connected. Otherwise each of the connected components, which might even have different 
dimensions, has to be treated separately. 
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First decomposition. As before, let fk '■ Vk ^ Mk be an invariant tubular neighborhood of 

Mk{Hk) in 

fe-i 

i=l 

a manifold with corners on which G acts with the isotropy types (Hk), (Hk+i), . . . , (Hl), and put 

o 

Wk = fk{Di (i^k))- Introduce a partion of unity {xk}k=i l subordinated to the covering {IVfc}, 
and define 

(2) h{p)= I I e'^^^^^^''^'^'a{x,^,X)xk{x)dXd^dx, 

so that /(/i) — + ■ • • + IiifJ-)- Now, if (a;,^) G ft, and either a; or ^ belong to W^H^), by 

Cassanas-Ramacher [3], Proposition 2, it follows already that (a;,^) £ Reg 51. The critical set of 

o 

tp is therefore a smooth manifold in a neighborhood of suppx^a, since (i^l)) C 'R"'{Hl). 

Furthermore, it is clear that the transversal Hessian of ip is non-degenerate on Reg Crit(-0). For 
this reason, the stationary phase theorem can directly be applied to compute the integral /L(/i). 
Let us therefore turn to the case that k G {1, . . . , L — 1}. The sets 

nk = {{x,0 e Wk X M" : {Ax,0 = for aU A £ g} , 
Critfc(V') ^ {ix,C,X) eflk X B- X e 0(^^^)} 

are then no longer smooth manifolds, and since suppxfc C Wk, the stationary phase theorem can 
not be applied directly in this situation. Instead, we shall resolve the singularities of Critfc('0), 
and after this apply the principle of the stationary phase in a suitable resolution space. For this, 
introduce for each p^'^' G Mk{Hk) the decomposition 

where g^ck) denotes the Lie algebra of stabilizer Gp{h) oip^^\ and 0^(fc) its orthogonal complement 
with respect to the scalar product tr(*A_B) in g. Let further Ai{p'^^^), . . . , ^^(t) (p'''')) be an or- 
thonormal basis of q^^^) ■, and Bi{p^^^), . . . , B^(k) (p'-'"-') an orthonormal basis of 2p(k) ■ Consider the 
isotropy algebra bundle over Mk{Hk) 

ISO Mk{Hk) ^ Mk{Hk), 

as well as the canonical projection 

TTk : Wk Mk{Hk), ^ P^'K P^"^ e MkiHk), v^^'^ G 

where fk{p^^\v^^'') = (exp^c^) o^'^^^){v''^^), and 7^'^' is some scaling function, see {Sj, page 306-307. 
We then consider the induced bundle 

TTlisoMkiHk) = {(A.b('\«('=)),X) eWkX2:Xe 0p(.,} , 

and denote by 

Hfe :Wk X g ^ ttIxso Mk{Hk) 

the canonical projection which is obtained by considering geodesic normal coordinates around 
TrlisoMk{Hk), and identifying Wk x g with a neighborhood of the zero section in the normal 
bundle N tt^ iso Mk{Hk). Note also that the fiber of the normal bundle to 7r*iso Mk{Hk) at a point 
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(/fe(p''^\ f ('^^), X) can be identified with q^^^-^ . Integrating along the fibers of the normal bundle to 
TT^ isoMfc(iffc) we therefore obtain for /fe(/i) the expression 



Jvl isoMk{Hk) Jn-i(p('=),i;('=),B('=))xK" 



= / / 



e^^/'^Xfea^fc d^dA'^''^ dB^''^ dv 



(fc) 



where 



are coordinates on g x 7r^^(p('^^), while dp'^^\ and dA^'^\ dB^''\ dv^''^ are suitable measures in 
Mk{Hk), and flp(fe), Di (z^fc)p(fc), respectively, such that dX dx = d^(^) dB^'^^ dv'-''^ dp'^^\ 

First monoidal transformation. Let now A;e{l,...,L — l}be fixed. For the further analysis 
of the integral Ik{f^), we shall sucessively resolve the singularities of Ciitk{'>p), until we are in 
position to apply the principle of the stationary phase in a suitable resolution space. To begin 
with, we perform a monoidal transformation 

C/c : Bz^ (Wk X g) — >Wk X Q 

in VFfc X with center Zk = \soMk{Hk). For this, let us write A^^\p'^^\a'^^'^) = af^ Af\p'^''y) , 
B(fc)(p(/c)^^(fe)) = ^/3f ^ijf and 



w 
coori 



i=l 

here {v^^Hp^^^), ■ ■ ■ ,v%{p'^''))} denotes an orthonormal frame in Vk- With respect to these 
dinates we have Zk = {q^'''> = 0, 0^=) = O}, so that 

Bz,{Wk X fl) = {{x,X, [t]) GWkXgx MF''"' : O^'hj = ofu, afh,iu)+^ = afh,^,,^^] , 

[t])^{x,X). 

If we now cover Bz^ {Wk x g) with the charts {{(pg, Ug)}, Ug = Bz^ {Wk x g) fl {Wk x g x Vg), where 
e RP'=*'^+'^"°'-^ : 7^ o|, we obtain for Cfe in each of the 6'('=)-charts {C/e}i<g<^(fc) the 
ions 

a = Qko^g : (p«,rfc, ^ (exp^f., ^5^, r^A^ + B«) = 



expressions 



where 



and 



»7^e V 



^5+ = e i^fc : t; = ^ s^Vi, Sg > 0, = l} . 
Note that for each l< q< c^''^ , 

Wkc^ fk{'S+ X {-1,1)) 
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up to a set of measure zero, and since fk{p^^\v^^'^) — (expp(fc) o7('^))(i;('^)), we have Tk G {—T,T) 
for some 1 > T > 0. As a consequence, we obtain for the phase function the factorization 

where we took into account that expp(fc) w''^^ = p'^^^ + w''^^. Similar considerations hold for Cfc in 
the aC'^-charts {C^e}c('=)+i<e<c(fc)+d('=) ' ^o that we get 

^o(ide0Cfe) = ''v^*°* = rfc- 

(fc)^*ot and (^^tj)'^^ being the tota/ and weaA; transform of the phase function ■(/;, respectively^ 
Introducing a partition {ug} of unity subordinated to the covering {Ug\ now yields 

e=i e=c('')+i 
where the integrals ^IkifJ') and are given by the expressions 



eC'(BX7r.7i(p('=)))xI 



dp 



(fe) 



As we shall see in Section [SI the weak transform has no critical points in the a'^'^^-charts, 

which will imply that the integrals ^Ik{fJ.) contribute to I{p) only with higher order terms. In what 
follows, we shall therefore restrict ourselves to the situation where XkO- ° (id^ (8> Cfc) has compact 
support in one of the 0*^*^^ -charts. Thus we can assume to be given by 



Cfc"'(BX7r-^(p<'=)))xR" 



e*^ """^""{Xka o (id^ Ck)) dB^""^ di^^^ dr^ 



dp 



{k) 



Ah(Hk)x{-T,T) 



e^;' ""'^""(^^ao (id^ (g)Cfe))$fc 



dTk dp' 



(k) 



d(,dA^^^ dB^^Uv^''^ 

where we skipped the index g, and took into account that 

Ck\& X n-'ip^'^^)) = {pC^)} X {-T,T) X x fl^,., x g^,„. 

Here dv^'^'' is a suitable measure on such that dXda; = dA'-'^^B'^'^Uv'-''^ drt dp'-''\ 

Furthermore, a computation shows that 



*fc o Cfc 



First reduction. Let us now assume that there exists a x G Wk with orbit type G/Hj, and let 
g Mk{Hk),v^''^ e {vk)p{k) be such that a; = fk{p^^\v''^^). Since x hes in a slice at p around the 
G-orbit of p^^\ we have Gx C Gp(fc) by Bredon [3], page 86. Hence, iJj ~ G^: must be conjugated 
to a subgroup of iJ^ ~ Gp{h) . Now, G acts on Mk with the isotropy types (-fffe), {Hk+i), ■ ■ ■ , {Hl)- 
The isotropy types occuring in Wk are therefore those for which the corresponding isotropy groups 
TJfc, Hk+i, . . . , -ffi are conjugated to a subgroup of iJ^, and we shall denote them by 

(ilfc) = (ff. J, (i/., ),..., (i/i). 



-'^For an explanation of this notation, sec section |6] 
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Consequently, G acts on Sk with the isotropy types {Hi^), . . . , {Hl)- Now, for every p^'^' £ Mk{Hk), 
{'^k)p(k) is an orthogonal Gp(fe) -space; furthermore, by the invariant tubular neighborhood theorem, 
one has the isomorphism 

Wk/G ~ {vk)p(k)/Gpik). 

Therefore G^ik) acts on the manifold {Sk)p{k) with the isotropy types {Hi^), . . . , (Hl) as well. As 
will turn out, if G acted on Sk only with type (Hl), the critical set of ^'^^'tjj^'' would be clean in 

the sense of Bott, and we could proceed to apply the stationary phase theorem to compute /fe(/i). 
But in general this will not be the case, and we are forced to continue with the iteration. 

Second decomposition. For every fixed p^'^^ G Mk{Hk) consider the covering of the compact 

GpCfc) -manifold {Sk)p(k) given by 

{Sk)pik) = Wm^ U • • • U WkL, Wkr^ = fM,{Dl {vk^,)). WkL = Int{{Sk) pW ^l) , 

where fkij ■ vh, {^k)pik)^i. is an invariant tubular neighborhood of {Sk)pW ^i.{Hi.) in 

i-i 

{Sk)p{k)^i^ = {Sk)p(k) - IJ fkiADi/2 {vki^)), j > 2, 

r=2 

and fki,ip^'^\v('^'>) = (exppu,, oj(^^)){v('^)), e (5fe)p(.),.,(ff<,), v^'^^ e Let further 

{Xkij} denote a partition of the unity subordinated to the covering {Wfei^. }, and define 

hij (m) = / [ / e'-^ (Xfea o (id { <8) Cfe)) Xkij ^k 

rf^dAC^) dB^''^ dv'^'^A dTk dp^''\ 

so that Ik (fJ-) = Iki2 (m) + ■ • • + IkL (a*) • It is important to note that the partition functions Xfcij 
depend smoothly on p'--'^^ as a consequence of the tubular neighborhood theorem, by which in 
particular Sk/G ~ {Sk)p(k) /Gp^ , and the smooth dependence in p^'^^ of the Riemannian metrics 
on the normal bimdlcs Vkij and the manifolds with corners {Sk)p(.k} j,. Since Gp{k) acts on WkL 
only with type {H^), the iteration process for Ikhil^) ends here. For the remaining integrals Iki^ (/x) 
with k < ij < L, let us denote by 

iso {Sk)p(.k)^i.{Hi.) {Sk)pm^,.{H,.) 

the isotropy algebra bundle over {Sk)pm i.{H^.), and by ixkij ■ Wki^ — »■ {Sk)pm ^i.{Hi-) the canon- 
ical projection. For p^'^^ G {Sk)p(k) ^i.{Hi.), consider the decomposition 

= 8p(.k) e Sp(k) = i&pdj) ® fliij) ) ® Qpw ■ 



Lot further A]' A ,/ , be an orthonormal frame in g-H, as well as B\' , . . . , B i- \ be an 

orthonormal frame in fl^cij), and v[''^' \ . . . ^v^'ll'J an orthonormal frame in {i'kij)piij) ■ Integrating 
along the fibers in a neighborhood of Tr^^^iso {Sk)p(k)^i. (Hi.) c Wkij x Qp^k) then yields for Iki^ (/u) 
the expression 



hiAf^)=[ [[ [f 



e 1^ ^ 



7rfc>.(p<'^')xg (fr) xg-L xl 



X {xkao{idi^Ck))Xky^ky didA^^UA^''UB^'^Uv^''^]dp^' 



ij) 



dTkdp' 



ik) 
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where ^ki^ is a Jacobian, and 

are coordinates on tt^Tj^ (p^*^ ' ) x Qp(k), while dp''^'\ and dA'-^^\dB'-'^^\dv'-^^^ are suitable measures 

o 

in the spaces {Sk)p{k) ^i^{H^.), and fl^c.^.)' flpC'^)' -Di ivkt^)p{ij), respectively, such that we have the 
equality dB^^^ dw^^) = $fe,^ dA^^^^ dB^'^'^ dv^'^^ dp^^^K 

Second monoidal transformation. Let us fix an I such that k < I < L, and consider in the 
^('^'-chart {—T,T) x x g a monoidal transformation 

Cki ■■ Bz,,{{-T,T) X S+ X fl) ^ (-r,T) X 5+ X fl 

with center 

Zki^{-T,T)xi5oS+i{Hi), Sk,i^ IJ (5fc)p(^),i. 
Writing A(')(p«,a(')) = E ^^f ^ (P^'^), = E /^f ^(p^''), and 

c<') 

one has Zu = {a*''' = 0, a^'^ = 0, ^^'^ = O}. If we now cover Bz^i{{-T,T) x S+ x q) with the 
standard charts, we shall see again in Section [5] that modulo higher order terms we can assume 
that ((xfefl o (id J (8) Cfc))xfei) o Cfei has compact support in one of the 6'('^-charts. Therefore it suffices 
to examine (^ki in one of these charts, in which it reads 

^ (p(^-),Tfc,expp(orzz)«,TiA«,TiAW = (pW , Tfe, z)^^), A^'^^ B^), 

where 

.(0 



for some a. Note that Z^i has normal crossings with the exceptional divisor — C,^'^{Zk) — 
{rfc = 0}, and that 

x(-l,l)) 

up to a set of measure zero, where denotes the sphere subbundle in z/^;, and we set S'^^ — 
|u e S'fc; : w = E^j^i'^'''' > o}- Taking into account that expp(i) rjC^'^ = (cosTi)p^'^ + (sinT;) u^'^, 
one sees that the phase function factorizes according to 

which in the given charts reads 

= Tfc [(rzA^pW + (TiA(') +B('))expp(o Ti^W,^) +TfcT, (aW^W,^)" 



^In order not to overload notation, we have denoted by 5^; and 5fc ; two quite different sets. 
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where 



0(|rfc^W|) = Tfe(A('=){;«,C 
0{\ti = ^(cosTi - +sinr/A(')^('^^ 



Since 



CmHp^'^} X {rk} X 7r,-,i(/)) x x g^,,,) 
= {P^'^ X {n} X X (-r,T) X (5+)p(o X X f,^(„ X 
we obtain for I^i (/u) the expression 



Mk{Hk)x{-T,T) 



(Sk) Ik) liHi) 



e f 



C^' X {r, } X TT-i (pC) ) X a^(,) X0^(^, ) XI 



X ((xfea o (idg ® a))Xfei) o Cki ^ki dA^''^ dA^) dfiC) dri] dp^')] drfc dpC^) 



/ 



Mfe(Hfc)x(-T,T) 



(•S''=)„(i.) ,(Hi)x(-T,T) 



ilklL (kl)J,v,k 

e f 



X ((xfeo o (idj O Qk))Xki) o Cki ^ki d^dA^''^ dA^^^ dB^^^ dv^^^^dn dp(')J dr^ dp^''\ 
where dv'^^^ is a suitable measure in (-S'^)p(i) such that we have the equality 
dX dx = ^ki dA^''^ dA^^'> dB^^"> dv^^^ dn dp^^^ dru dp^'^K 
Furthermore, ^kl = |ri|'='''+'^"'^+'^'""^$fei 0^^;. 

Second reduction. Now, the group Gp(k) acts on {Sk)p(k) i with the isotropy types {Hi) = 

[Hi.), (Hi-^-^), . . . , (Hl). By the same arguments given in the first reduction, the isotropy types 
occuring in Wki constitute a subset of these types, and we shall denote them by 

Consequently, Gp(k) acts on Ski with the isotropy types [Hi^^), . . . , (Hl). Again, if G acted on 
Ski only with type (Hl), we shall see in the next section that the critical set of (^'■)'^^^ would be 
clean. However, in general this will not be the case, and we have to continue with the iteration. 

N-th decomposition. The end of the iteration will be reached, once one arrives at a sphere bundle 
Skimn... on which G acts only with the isotropy type {Hl). More precisely, let {Hi^), . . . , [Hi^^^ ) = 
{Hl) be a branch of the isotropy tree of the G-action in K", N > 3, and consider for every 
fixed g (<S'ii...ijv_2)p(*jv-2) j„ i(^i]v-i) decomposition of the closed -manifold 

(<S'ii...iN_i)„«jv-i) given by 



(5'ii...iw_J «jv_i) = 



U Wi,. 



■ IN-lLl 



= fii...iN{Di (fji...ijv)), Wii...i^_ii, = Int(5,i...i„_J 



where fii...ifj ■ i'ii...iN * {Si^,,,iff_^) 
invariant submanifold {Si^, 



ZN-ijp(.iN-i) is an invariant tubular neighborhood of the closed 



.jN-i)„(i]v-i)^jj^(-ffiN) in ('5ii...i„_i)p(ijv-i) — {Sii...iN-i)p(*N-i)j and 



{Sii...ifj_i)p(.iff_i 



p 



{Si^...iN-i)„(.*N-i) — fii...iN{Dl/2 (^'ii...ijv))- 
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Let {xii...ijvj Xii-ijv-ii} denote a partition of unity subordinated to the covering by the open sets 
{Wi^...tj^,Wi^...i^_-^L}, and decompose /ii...ijv_i (^i) accordingly, so that 

= ^n...ijv(Ai) + Ih...iM-iL{f^)- 

N-th monoidal transformation. In the chart (— T, T)^^^ x St , x consider the monoidal 
transformation 



with center 



ll...ljV-l,«N 



(-r,T)^-ixiso5+..,„_^,,„(iI,J, 

" U ('^ii---»iv-i)p('iv-i).i„ = '5'ii...ijv-i ■ 



The phase function then factorizcs according to 



(»l...»«)^tot ^^^^ ...^^^ 



where in the given charts 



/ N \ N 

\i=i / i=i 

and denotingl^by S'ij . i^ the sphere bundle over ('5'ii...i„_i)p(ijv-i) i„(-^ijv)j finally obtains for 
the integral the expression 



A/,^(ff.Jx(-T,T) 



(^n)p(n),.,(^'2)x(-T,T) 



(3) 



Here 



^l---^N (ii.-.ijv),;,™'' 



n---»JV)W," , 

^ a,;, ..,;„$,■ 



-|■^l ...ijv ^ii ...ijv 



d^dA^*^) . . . dA'^'"^ dB^'"'' dv^'"''] dT,„ dp^'"') ...] dn, dp^'-'A dn, dp^'^l 



ai^...iM = [O-Xtl o(id^<X)Cil °Gl»2 O • • • ° Gl...ljv)] [X»l»2 ° Cill2 O O Ol. ..»«]•■• [X»1...JJV oC»i...»iv] 

is supposed to have compact support in one of the 6''^*"-'-charts, and 



N 



_ ,^('i'+ci<'i'-li |c('2)+d(n)+d(i2)_i I |c<»N)+d(n)H 

Ml I T^-? ■ ■ ■ Mw 



— J_ J_ I 'ij I ^■ii...ljv, 

where 3>ii...i„ is a smooth function which does not depend on the variables ti.. 

N-th reduction. By assumption, G acts on only with type {H^), and the iteration process 

ends here. 



■^Again, note the different meaning of tfie notations Sij^,,,ij^ and S'ii...ijv_j, 
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4. Phase analysis of the weak transform. The first fundamental theorem 

We are now in position to state the first fundamental theorem in the derivation of equivariant 
spectral asymptotics. With the notation as in the previous section, consider an iteration of N steps 
along the branch {{Hi^), . . . , = [Hl)) of the isotropy tree of the G-action in R", and let 

p(^^) e MM,), e K...^,-^)p^h-^\i^Hi,), j = 2,...N, 

= Qpdi) ® 0p(.i) = (0p(-2) ® 3p(^2))® 0p(n) = • • • = 0p(iN) e 0p(ijv) e • • • e 0p(n) 

S'i^ = dim0^( efe) = dimflpti.), j = l,...,N. 

As before, ^Ai''\p'^'^\ . . . ,p^'^^)^ will denote a basis of and . . . a basis 

of 0p(ijv)- Let further 

r=l r=l 

and put 

c<'w' 

TT^e y rjtg 

for some o, where is an orthonormal frame in (t'ii...i„)p(ijv) • Finally, we 

shall use the notations 

^{ij-iM) = exp^ci^.j^. expp(i.^^)[Ti^.^, expp(i.^^)[. . . [Ti„_, expp(i^_^)[ri^_, exp^t^^) [ri^w^'^']]] . ..]]], 

where j = 1, . . . ,N. We then have the following 
Theorem 1. Consider the factorization 

o/ the phase function tp after N iteration steps, where 

(N \ N 

j=l I j=l 

By construction, for Ti. 7^ 0, 1 < j < N , the G-orbit through x^'i - *") is of principal type G/Hl, 
which is equivalent to say that G acts on Si,,,,iN only with the isotropy type (i?z,). Let further 

denote the pullhack of (»i---ijv)^wfe,pre ^iQ^g ff^^ substitution r = Si,,„ij^{a) given by the sequence 
of monoidal transformations 

<5ji...j„ : (ctji, .. .o-i„) H-» (T,i(l,crj2,. .. ,o-i„) = {a[^,. . . ,cr-^) a-^{al^,l, . . . ,a-^) = (cr-'^ , ■ • • , cr"„ ) 

^ 1> • • • >cr"jv) = • • • 1-^ • • • = (Til, . . • >Ti^)- 

T/ien the critical set Crit( ('^•••'"^V'"'^) 0/ {^i---^N)^wk ^j^;en fey points with coordinates 

K , . . . , , p^'^\ , v^'-\ a^'-\ a^'-\ 

satisfying the conditions 
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(I) a(*^) =0 for all j = 1,...,N , and E = 0; 

(II) ^ ± • e ± ■ ... e ^ • 

(III) ^±(flp(.„, •{)('-)). 

Furthermore, Crit( ('i - *™)^;"''^) is a C°° -submanifold of codimension 2k, where k = dmiG/Hi, is 
the dimension of a principal orbit. 

Proof. Let us compute first the derivatives with respect to and assume that all are different 
from zero. Then all Tj^ are different from zero, too, and {ii---iN)^wk = q jg equivalent to 

^- SjV(a;^''-*"\^,x(*i-^")) = 0, 

which gives us the condition X^*! - *"^ S fl^-cii. • Since for sufficiently small Ti- the point x^'i---"^^ 
lies in a slice in Np(i^){G -p^*^^), the element X^'i must annihilate p^^^^ as well. But 

and 0^(,,_^^) C imply 

Thus we conclude a^^^^ = 0, which gives X^*^ - *") e and consequently X^'^-'-'w) g 

02,(i2...ijv) • Repeating the above argument we actually obtain 

(4) Qx^^l ■■-^N) = 0{j(^v) I 

since C £lp(ijv)i and therefore condition I) in the case that all Oi- are different from zero. Let 

now one of the ai- be equal to zero. Then all r^^. are zero, too, and (ii...%N)^wk = q jg equivalent 



to 
(5) 

Now 

where we understand that Gp(io) = G. Furthermore, by construction we have 



j=\ \ r / r 

, for every 7 = 1, . . . , A^, the group G^{i.p acts orthogonally on the space N^{i^){G^{i^_-^) -p^*^'^), 



so that 

(6) V^--'^^ = n A/-p(..)(G^(.._o -pW) = A^p(.,,(G^(.,-o -P^'^-^). 

Since p^^^' G C wc therefore see that for every j = 2, . . . ,N 

r 

In addition, one has of course J2r cti^'^^i''^ P^'^^ € 3^(.,) ■ P^'^^ = T^ii,) {G ■ p^'^^), as well as 

r 

so that taking everything together we obtain 

(7) = <^ a('^)=0 V j = l,...,N and ^^^^^B^^'^^^^*") = 0. 
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Let US consider next the a-derivatives. Clearly, 

Now, assuming for a moment that all the ai- are different from zero, one computes for the remaining 
derivatives that 

Til . . .T^„ \ ^ / 

= (Ai'^Hn, Sinn, ■ ■■smT,^_,)x^'^-'-\^) , 

since ^r'^ £ fl^(i ) ^ S <b-i' C ••• C g^cii). From this one deduces for arbitrary ai. that for 
j = l,...,7V 

(8) = ^ = Vyeg^,.^-,- 
In a similar way, it is not difficult to see that 

(9) ^ ^ (z#^"),C)-0 VZe0p(.„,, 

by which the necessity of the conditions (I)-(III) is established. In order to see their suffficiency, 
let them be fulfilled, and let us assume again that Oi. ^ for all j = 1, . . . , TV. Then (II) and (III) 
imply that 

(Zexpp(.„, T,„«(^"),^) =0 VZ e 
since flp(ijv-i) = 0p(ijv) © 0'''(ijv)- repeatedly using (II) we therefore conclude 

(10) eeiV^(.,....„,(G-x(^--*")). 

Now, by construction, G ■ x^'i- -'") is of principal type G/ Hl in R", so that the isotropy group of 
^(ii...jjv) j^ygi; a,ct trivially on N^{i-^..A^){G ■ x^*! - *")), compare Bredon [3], page 181. In addition, 
by (I) and Equation (g]), G fl^c.^) = The relation ^ therefore implies 

Y^rPr^^B^r^h ^ 0. Let US cousidcr now the case where at least one of the Ui . equals zero, so 
that all Ti- =0. Then (II) means that ^ e We shaU now need the following simple 

Lemma 1. The orbit of the point in the G {i„)- space is of principal type. 

Proof of the lemma. By assumption, for Ui^ 0, 1 < j < N , the G-orbit of x^*^ - *™^ is of principal 
type G/Hl in R". The theory of compact group actions then implies that this is equivalent to the 
fact that a;(*2-- »jv) g jg principal type in the Gp(.i)-space V^^^\ see Bredon 0], page 181, 

which in turn is equivalent to the fact that x^'^ - *") £ ^^('122) Qf principal type in the Gp(i2)-space 
y{^l^2) ^ and so forth. Thus, x^*^ --*"' G - niust be of principal type in the G^(ij^i) -space 
y(ii...ij-i) j-Qj. j — 1^ . . . N, and the assertion follows. □ 

Now (III) implies that ^ G p, 7V~(,„) (Gp(,„) • w^^")). But the previous lemma implies 

that G~(i„) acts trivially on the latter space, so that by condition (I) we obtain again the condition 
J2r /3r'"''i3r*"''f = 0. Collecting everything together we finally obtain 

(11) (I), (II), (III) =^ ^/3('«)i3('«)e = 0. 
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Now, by - Q we have 

(I), (II), (III) ^ 5^,„(n),...,„e«),/5(.«) ('-^"^Vi'"' = 0. 

It therefore remains to study the derivatives with respect to the variables ai^, p*-*^-*, and v^^"\ It 
is immediately clear that 

(I) d„ {ti...rN}^n,k ^ Q 

By (fTT|) we further have 

(I), (II), (III) =^ a,<.„, = 0. 

Let us now take for each j = 1, iV local coordinates = p(''j)(s(*j)) e (5+ )p(i3-i) ^ . (-^^ij ) 
around Pq'^ = p^''^^\0), and write 

Po 

On then computes 



so that with pT|) one finally concludes 

(I), (II), (III) =^ Vi',...,P<'«) (^^■■■^"^v;'"'^ = 0. 

Thus we have computed the critical set of - remains to show that it is a C°°- 

submanifold of codimension 2k. For this end, let us define the subspaces 

(12) = £|^(.^., • = • 
One has E'-'^^ C g • = T^(.i....„) (G • a;(H-..*iv))^ ^s well as 

for 2 < j < iV. Similarly, F^*") C Nq^^ foj. gj^all n-, we clearly have E'^'^'> n = 

{0}, so that we obtain the direct sum of vector spaces 

£;(n) ^ ^{^2) ... ^(iiv) _p(«iv)_ 

We therefore arrive at the characterization 

JV 

(13) Cnti^'^-"'^'"'') ^ \^a^'^'> ^ 0, ^ ^^^^B^^^^S^*") 0, ^ ± ( © F^*")) }, 

Note that the condition /^^'"''-^f^*"''? = is already implied by the others. Now, for small, but 
arbitrary at . one has 



dimF^'^) = dim0^(,^.) ■ p^'^'' = dimG^(^^_^) ■ p^'^l 
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Since for / 0, 1 < j < TV, the G-orbit of is of principal type G/Hl in M" by 

assumption, one computes in this case 

At =dimG-x(^i-^") =dim0-a:('i-'") = dim[0p(.„) © 0^(.„, © • • • © g^,.^,] • a;(*i-*«) 

= dim[0^<,,, •x(^-''")+T,,fl^<,,) -x^^-^^^+T,, sinT,,0^,,3, + 

+ T,i sinT,2 • • •sinTi„_,0p(,„) • a;^''™) + t^^ sinr.^ • • • sinT,„0p(i„)w('")] 

= dini[i;(*i) ® T,,i;(*^) © T,, smn.E'^'^^ © ■ • ■ © r,, sinr,, • ■ • sinr,„_,£;(^") 

JV 

©Ti, Sinn, •■ - sin r,„F('")] = ^dimi;^*^) +dimi^('"\ 

But since the dimension of the spaces £^(^3) and F^^'"^ does not depend on the variables aij, we 
obtain for sufficiently small, but arbitrary at- the equality 

N 

(14) K = ^dimi;^'^) +dimF('"l 

Note that, in contrast, the dimension of g • a;(«i - '«) collapses, as soon as one of the r^^. becomes 
zero. Thus we arrive at a vector bundle with [n — /t)-dimensional fiber that is locally given by the 
trivialization 

AT 

K,...,a,„,p(*i),...,p(^"),^(^"\(0i?(^^)©F(^«))^)H^ (a,,,...a,^,p(*^),...,p(^«),{)(^«)). 

Consequently, by Equation ([T5)l we see that Crit( is equal to the fiber product of the 

mentioned vector bundle with the isotropy algebra bundle that is given by the local trivialization 

(tj a n^^i) a-, ^)^(a- a rj^^i^ tj^'") v^^'^^) 

Lastly, since by Equation ([4]) we have QyiiK) = fl^^Cn,- in case that all ai. are different from 
zero, we necessarily have dimg-(i„) = d — k, which concludes the proof of the theorem. □ 

5. Phase analysis of the weak transform. The second fundamental theorem 

In this section, we shall prove the second fundamental theorem in the derivation of equivariant 
spectral asymptotics for orthogonal compact group actions. The notation will be the same as in 
the previous sections. 

Theorem 2. Let 

denote the factorization of the phase function after N iteration steps along the isotropy branch 
((iJij), . . . , (-ffijy^j) — {Hl)). By construction, for Ti. 7^ 0, 1 < j < N, the G-orbit through 
2,(41 •••4jv) jg of principal type G/H^. Then for each point of the critical manifold Crit( 
the restriction of 

Hess 

to the normal space to Crit((*i-*")V;"''') at the given point defines a non- degenerate symmetric 
bilinear form. 
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Before proving the theorem, let us make the following general observation. Let M be a n- 
dimensional Riemannian manifold, and C the critical set of a function ^jJ € C°°(M), which is 
assumed to be a smooth submanifold in a chart O C M. Let further 

a : (x, J/) p, /? : (mi,...,TO„) i-^p, P S O, 

be two systems of local coordinates on O, such that a{x, y) G C if and only if y = 0. One computes 

9vi{tp°a){x,y) = V ° o a{x, y)) dy^{p-'^ o a)i{x,y), 

1=1 

as well as 

9yu dyiilp o a){x,y) = V — {P''^ o a{x,y)) dy^ dy,{p-'^ o a)i{x,y) 

2 — 1 

1,3 = 1 ■' 

Since 

n 

a*,(x,j/)(S3/J = '^9y^{l3~^ ° Oi)jix,y) l3*,(0-ioa)(x,y){dmj), 
J = l 

this implies 

(15) dy^ dy^i/j o a)(.x,0) = Hessi/'|„(^^o)(a*,(x,o)(5yj! "*,(x,o)(<9j;,)), 

by definition of the Hessian. Let us now write x = {x',x"), and consider the restriction of ip onto 
the C°°-submanifold 

Mc' = {meO ■.m = a{c', x", y)} . 

We write ipc' = ^\m^, , and denote the critical set of tpc' by Cc', which contains CtlMc' as a subset. 
Introducing on Mc' the local coordinates 

a' : {x",y) ^ a{c',x",y), 

we obtain 

(16) dy^dy,{ipc' oa'){x\Q) = Hess?Ac'|«(i;",o)(a',,(^",o)(^?/J' "*,(x",o)(5?/i))- 

Let us now assume Cc' = C n Mrj , a transversal intersection. Then Cc' is a submanifold of M^' , 
and the normal space to Cc' as a submanifold of Mc' at a point a'{x", 0) is spanned by the vector 
fields a'^ Q^idy,^). Since clearly 

9yk dyi (V'c o a'){x", 0) = dy^ dy, {ip o a){x, 0), x = (c', x"), 
we thus have proven the following 

Lemma 2. Assume that Cc' = C fl Mc' . Then the restriction 

HessV'(a;(c',a:",0))|jv„j^,^^„_^,C 

of the Hessian of ^ to the normal space A^a(c',x",o)C' defines a non- degenerate quadratic form if, 
and only if the restriction 

Hess V'c' {oi {x" , 0)) I Af^, c,, 
of the Hessian of tpc' to the normal space Nc^'(x",o)(^c' defines a non-degenerate quadratic form. 

□ 
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Proof of second fundamental theorem. Let us begin by noting that with respect to the standard 
coordinates in M" and g, the Hessian of tjj is given by the matrix 

{Xe„ej) -{e^,X,0 

{Xej,ei) {XjX,ei) 

-{ej,X,0 {X^x,ej) 

where {cj} and {Xj} denote the standard basis in M" and g, respectively. A direct computation 
then shows that its restriction to the normal space -/V(a;_j^x)R'eg Crit(i/') defines a non-degenerate 
quadratic form for all (x,^, X) € RegCrit(V')- Now, for ■ ■ -ai^ ^ 0, the sequence of monoidal 
transformations ° Cni2 o • • • o Cii-.-siv) composed with the transformation constitutes a 

diffeomorphism, so that in the given charts of the resolution the restriction of 

Hess^'i ■ • •''^ ' 1^*°* (c7i^ , p^'' \v^'''\a^'i\ (3^'" ^ , ^ 

to the normal space of the total transform 

= ((Cii o Chi2 ° ■ • • ° Ch...iM ° ® id5)-^(Crit(V)) 

defines a non-degenerate quadratic form as well at every point with • • • ^ 0. Next, one 
computes 

(^2 {ii...iK)^tot\ I q2 (ii ...ijv)^u>fc \ 
S ^ = Th (O-) • • • Ti„ (ct) 

V J 

where R represents a matrix whose entries contain first order derivatives of (»i---»N)^wfe factors. 
But since 

C^^....„^o = Crit((---)v;-^)|..^.....^^o 
because (*i---jjv)^tot g^j^^ {i-i_...in) ^wk yg^nish on their critical sets, we conclude that the transversal 
Hessian of {i'^-'^N)^wk ^^^^ degenerate along Crit(^*^---'^^i/'"''^)|(j.^ ...ai^=^o- Therefore, it remains 
to study the transversal Hessian of («i - «N)^«'fc jj-^ ^}jg p^gg j^jjg^j^ ^jjy gf -^j^g ^j^^ vanishes. Now, the 
proof of the first fundamental theorem showed that 

d{i\...iN) J.wk n , Q {i\...iN) J.wk n 

|,a(n),...,a(*Jv),/3(iN) ' 'W =0 ^ C^i, ,...(7ijy ,p(n) ,...,p(*Jv) ' 'W =0. 

If therefore 

denotes the weak transform of the phase function -0 regarded as a function of the variables 
(a(*i),...,a('"),/3(*"),^) alone, while the variables (a^j , . . . , crj„,p('i), . . . w^*")) are kept 

fixed, 

^ Crit(('i-*")vi"''=) n |£7i,,p('^\ = constant) . 

Thus, the critical set of (»i---Jiv)^«'/c ^^^^ ^^^^^ jg gq^gj the fiber over (aj^. , p^*^-*, i)^*™-') of the vector 
bundle 

N 
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and in particular a smooth submanifold. Lemma [2] then imphes that the study of the transversal 
Hessian of can be reduced to the study of the transversal Hessian of (i y 

The crucial fact is now contained in the following 
Proposition 1. Assume that Gi^ - ■ ■ = 0. Then 

ker Hess (0, 0, - T(o,...,o,,(»«,^ 

for all (0, . . . ,0,/3('"\O ^ Crit( ■0"''= f.^, _^^^^), and arbitrary p'-'^'^, S^*^). 



Proof. Let us begin by computing 

j=l k=l k=l j = l 

If tJii • ■ ■ CTij = 0, which means that all the Ti. are zero, the second derivatives read 



N 



0, 



^--^"^^rf = 



/3: 



Next, one has 



so that for ■■ - cfi. =0 all the second order derivatives involving a^'^^ must vanish, except the 
ones that were already computed. Finally, the computation of the /^''"'-derivatives yields 

Collecting everything we see that the Hessian of the function - ^. ^ ^ with respect to 

the coordinates a'*^', ^ is given on its critical set by the matrix 

[A^V'i)], ... 



where • • • Gi. — 0. Let us now compute the kernel of the linear transformation corresponding 
to this matrix. Cleary, the vector (^, lies in the kernel if and only if 

(a) E a^^A^V^'^^ + ■ • • + E 5^'"^ + E /3^'"^B^*"^v(*") = ; 

(b) = for aU r('^) e 1 < j < iV; 

(c) A = for all Z e 0p(.„, . 
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Let y(H- -'iv)^ and be the subspaces in M" defined in dSl) and Since 0^(.^.) C 

Qp{ij-i), the condition (b) is equivalent to ^ G yt'i - *"). Next, we have 

N 

so that for condition (a) to hold, it is necessary and sufficient that 

In addition, condition (c) is equivalent to 

^GiV,(.„)(Gp(.„) 

On the other hand, 

N 

But since for (7^^ • ■ • (Ti„ = 

N j_ 

the proposition follows. □ 

Let now _B be a symmetric bilinear form on a finite dimensional K- vector space V , and M = 
{Mij)ij the corresponding Gramsian matrix with respect to a basis {vi, . . . ,Vn} of V such that 

B{u,w) = 'YuiWjMij, u = ^UiWi, w = y^^WiVj. 

We denote the linear operator given by M with the same letter, and write 

V = kerM©W^. 

Consider the restriction i?|vi/xiy of S to x W , and assume that B\y/-kwWi w) = for all u G W , 
but w ^ Q. Since the Euclidean scalar product in V is non-degenerate, we necessarily must have 
Mw — 0, and consequently w G kerM r\W — {0}, which is a contradiction. Therefore i^in^xw 
defines a non-degenerate symmetric bilinear form. The previous proposition therefore implies that 
for (Til • • • <^iN = 



Hesst*!-*")^;'"'^ ,(0,...,0,/?('"\n, / 



Grit (»i- -']v)w,™'= ^ 

defines a non-degenerate symmetric bilinear form for all points (0, . . . , 0, /3^*"\ ^) lying in the 
critical set of J^fc ^pj-^g second fundamental theorem now follows with Lemma 

— 3 

[1 □ 

We are now in position to give an asymptotic description of the integral /(/i). But before, we 
shall say a few words about the desingularization process. 
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6. Resolution of singularities and the stationary phase theorem 

Let M be a smooth variety, Om the structure sheaf of rings of M, and / C Om an ideal 
sheaf. The aim in the theory of resolution of singularities is to construct a birational morphism 
■K : M ^ M such that M is smooth, and the pulled back ideal sheaf tt*/ is locally principal. 
This is called the principalization of /, and implies resolution of singularities. That is, for every 
quasi-projective variety X, there is a smooth variety X, and a birational and projective morphism 
TT : X ^ X. Vice versa, resolution of singularities implies principalization. 

Consider next the derivative D{I) of /, which is the sheaf ideal that is generated by all derivatives 
of elements of /. Let further Z C M be a smooth subvariety, and tt : BzM — > M the corresponding 
monoidal transformation with exceptional divisor F C BzM . Assume that (/, m) is a marked ideal 
sheaf with m < ord^/. The total transform tt*/ vanishes along F with multiplicity ovdzl, and by 
removing the ideal sheaf Ob^a/I— ord^/ • F) from tt*/ we obtain the birational, or weak transform 
7r~^J of /. Take local coordinates (xi, . . . ,x„) on M such that Z — {xi = ■ ■ ■ = Xr ~ 0). As a 
consequence, 

yi — J ■ ■ ■ iVi — 1 — : Vr — Xr, ■ ■ ■ , Vn — Xn 

define local coordinates on BzM, and for {f,m) G {I,m) one has 

K^ifixi, ■ ■ .,Xr,),m) = (2/,7"/(yiyr, . ■■yr-iyr,yr, ■ ■ ■,yn),m). 

By computing the first derivatives of 7r^^(/(xi, . . . , a;„), m), one then sees that for any composition 
n : 7\/ — > M of blowing-ups of order greater or equal than m, 

IV:\D{I,m))(lD{Il:\l,m)), 

see Kollar [10], Theorem 71. 

Let us now come back to our situation, and consider on T*]R" x g the ideal — (ip) generated 
by the phase function tp = J{x, = i^x, ^}, together with its vanishing set V^. The derivative 

of / is given by D{I^) = /c, where Iq denotes the vanishing ideal of the critical set C = Crit(^), 
and by the imphcit function theorem Sing C V^CiC = C. Let {{Hi^), • • • , — [Hl)) be an 

arbitrary branch of isotropy types, and consider the corresponding sequence of monoidal transfor- 
mations (^ij o ° • • • ° Cii...i]v ) '^i id ^. Compose it with the sequence of monoidal transformations 
"^ii-.-iivi aiid denote the resulting transformation by C,. We then have the diagram 

T T 

Ic D li, BV' 
According to the previous considerations, we have the inclusion 

CHic) c D{C-\i^,)). 

Furthermore, the first fundamental theorem implies that D{<^^^{I^)) is a resolved ideal. Never- 
theless, it is easy to see that is not resolved, so that Yl^^i n. {a) ■ (^^{I^) is only a partial 
principalization. Let us now consider the set 

= CI 0,/3(^"),C) : • • ^ 0, S^'") £ 0(^(.„),5), ^ ± (s • .t^'-'"))} 



SINGULAR, EQUIVARIANT ASYMPTOTICS AND THE MOMENT MAP I 



21 



where we made use of the decomposition 

Q ■ x^''-'"'> = E^''^ © T,,£:(*^) ® sinn.E'^''^ © • • • © T,, sinr,, • • • sinT,„i^(^~) 

and took into account that G~(i„) acts trivially on (©^i-E^'') © F^*"))^. Equation then 
implies that 

Q{^l■■■^N) ^ Crit((*i-*")V'"''')- 

Nevertheless, this does not result in a resolution C of C, but only in a partial resolution, since the 
induced global birational transform C — > C is not surjective in general. This is because the centers 
of our monoidal transformations were only chosen in K" x g, to keep the phase analysis of the weak 
transform of ip as simple as possible. In turn, the ^-singularities of C were not completely resolved. 
As we shall see in the next section, the principalization of the ideal 

and the fact that the weak transform j^g^g clean critical set, are essential for an 

application of the stationary phase principle in the context of singular equivariant asymptotics. 
By Hironaka's theorem on resolution of singularities, a resolution C of the vanishing set of -0 
always exists, which is equivalent to the principalization of the ideal I^. But in general, such a 
resolution would not be explicit enough to allow an application of the stationary phase theorem. 
This is the reason why we were forced to construct an explicit, though partial, resolution ^ of 
C in r*]R" X g, using as centers isotropy algebra bundles over sets of maximal singular orbits. 
Partial desingularizations of the zero level set f2 of the moment map and the symplectic quotient 
n/G have been obtained e.g. by Meinrenken-Sjamaar jillj for compact symplectic manifolds with 
a Hamiltonian compact Lie group action by performing blowing-ups along minimal symplectic 
suborbifolds containing the strata of maximal depth in Q. 

7. Asymptotics for the integrals 

In this section, we will give an asymptotic description of the integrals defined in ([3]). 

Since the considered integrals are absolutely convergent integral, we can interchange the order of 
integration by Fubini, and write 

r ^ 



(-T,Ty 



where we set 



and introduced the new parameter 



Til ' ' ' Tifi 

Now, for an arbitrary < e < T to be chosen later we define 
r ^ 

r ^ 



dTi, 



j = l 



^In particular, the so-called numerical data of ( are not known a priori, which in our case are given in terms of 
the dimensions c'-'j -' and d^^iK 
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Lemma 3. One has c^*^^ + X]r=i ^'^^'^'^ — I > n for arbitrary j ^ 1, . . . , N . 
Proof. We first note that 

c('^) = dim(i/,,...,Jp<.^.) > dimGp(.^, • + 1. 

Indeed, {i'ii...ij)piij) is an orthogonal G^ci^) -space, so that the dimension of the Gp(ij) -orbit of 
2,(ij+i...Kiv) g can be at most c^*^' — 1. Now, under the assumption cTii • ■ • tTi„ 7^ one 

computes 

dimGp(.,, • = dimg^c.^, • = dim[0p(.„, © 0^,.„, © • • • © 0^^^^^^ 

= dim[fl^„^.^^, • + sinT,^^,0^(,^^,, • + • • ■ 

+ sinri^^, •••sinTi„_,0^(.„) ■ x^'"^ -hsinr,^.^, • • • sinT,„flp(.„)w(^")] 
= dim[£;(^^+i) ©sinT,^.^i£:(*^+^' © ■ • ■ © sinri^.^, ••• sin ri„_, ©sinr,^.,^, ■ • ■ sinr.^F^*")] 

N 

= dim£;(^') +dimi^(*"\ 
i=j+i 

which implies 

N 

c(h) > dirnE^'''' + dimF^^") + 1. 

1=3+1 

Here we used the same arguments as in the proof of Equation HH). On the other hand, one has 

= dimg^(i^) = dimg^,.^) ■ p^'^^ = dimg^j,^.) • x^'^---'") = dimi?('^\ 
since - j^jgg slice around G^{ij_i) -p'*^). The assertion now follows with □ 
As a consequence of the lemma, we obtain for the estimate 

N 



for some G > 0. Let us now turn to the integral //^ iJ^i^J')■ After performing the change of 
variables <5ii...i„ one obtains 

J ^ Til t^cTJ • • ■ Tt^ \(7) / 



£<|r,^.(<T)|<T 

where 



Here we denoted by (*i ^^j-^g weak transform of the phase function ^ as a function of 

the variables 'D^'"^ a'^^-*, alone, while the variables a — (cij , . . . (Ti„ ) are regarded as 
parameters. The idea is now to make use of the principle of the stationary phase to give an 
asymptotic expansion of Jo-^^ ,...,0-;^ (v). 
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Theorem 3 (Generalized stationary phase theorem for manifolds). Let M be a n- dimensional 
Riemannian manifold, ip 6 C°°(M) be a real valued phase function, /i > 0, and set 

= [ e*'^(")/^a(TO) dm, 
Jm 

where a{m)dm denotes a compactly supported -density on M . Let 

C~{m^M:if* ■ TMm ^ r]R^(m) is zero} 
be the critical set of the phase function ip, and assume that 

(1) C is a smooth submanifold of M of dimension p in a neighborhood of the support of a; 

(2) for all TO e C, the restriction V'"(™)|Af„C of the Hessian of at the point to to the normal 
space N„iC is a non-degenerate quadratic form. 

Then, for all N N, there exists a constant Cjq^^ > such that 

N-l 

|/(At) -e*'^°/^(27r^)'^ J" fi^Qj{iP;a)\ < Cat ^//^^^(suppa n C) sup \\D'a\\ , 

where is a differential operator on M of order I, and i/jq is the constant value of ip on C. 
Furthermore, for each j there exists a constant Cj,^ > such that 

\Qj{tp; a)\ < Cj^^vol{supp a n C) sup q , 

l<2j 

and, in particular, 

Qoit^a)^ [ dac{rn)e^-''^" , 

Jc |det'(/'"(TO)|A,,„cl^ 

where a^" is the constant value of the signature of 4'" {'m')\]^^c foi^ ™ *^ 

Proof. See for instance Hormander, [8 , Theorem 7.7.5, together with Combescure-Ralston-Robert 
[5], Theorem 3.3. □ 

Remark 1. An examination of the proof of the foregoing theorem shows that the constants Cat.^ 
are essentially bounded from above by 



sup 

mGCnsupp a 



(^"(to) 



\N,„C 



Indeed, let a : (x, y) ^ m G O C M be local normal coordinates such that a{x,y) G C if, and 
only if, y — 0. By the transversal Hessian Hess-!/'(TO)|jv^^c is given in these coordinates by the 
matrix 



where to = a{x, 0). If now the transversal Hessian of ijj is non-degenerate at the point to — a{x, 0), 
then y = is a non-degenerate critical point of the function y i— > o a){x,y), and therefore an 
isolated critical point by the lemma of Morse. As a consequence, 

{dy^ 5y,(V'°a)(a;,0)^ 



k,l 



\dyi^Po%ix,y)\-^ 

for y close to zero. The assertion now follows by applying Hormander [S], Theorem 7.7.5, to the 
integral 

f e*('^°")(^'2')/A'(aoa)(a;,y)d?/da; 
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in the variable y, and with a; as a parameter, since in our situation the constant C occuring in 
Hormander [8], Equation (7.7.12), is precisely bounded by (fT8|) . if we assume as we may that a is 
supported near C. A similar observation holds with respect to the constants Cj,^. 

Now, as a consequence of the fundamental theorems, and Lemma [21 together with the observa- 
tions preceding Proposition (TJ 

• the critical set Crit((*i-*")i^^'=) is a C°°-submanifold of codimension 2k for arbitrary cr; 

• the transversal Hessian 

Hess(^i-*")v;^'=(p(*^),{i(^"),a(*^',/3(^")) - . 

l^p(-.),iCiv),„(-.).3(.«))C"H "^s"; 

defines a non-degenerate symmetric bilinear form for arbitrary a at every point of the 
critical set of iii---^N)^wk ^ 

Thus, the necessary conditions for applying the principle of the stationary phase to the integral 
Jai-^,...,(ji^ (f^) are fulfilled, and we arrive at the following 

Theorem 4. Let a = [ui-^ , ■ ■ ■ , cTiM ) be a fixed set of parameters. Then, for every N Cz N there 
exists a constant (ii . ijv)^™*: > such that 

with estimates for the coefficients Qj, and an explicit expression for Qq. 

□ 

Before going on, let us remark that for the computation of the integrals (/i) it is only neces- 

sary to have an asymptotic expansion for the integrals ^,,,^a-i (i^) in the case that cr^j • ■ • 7^ 0, 
which can also be obtained without the fundamental theorems using only the factorization of the 
phase function ip given by the resolution process. Nevertheless, the main consequence to be drawn 
from the fundamental theorems is that the constants (ii...ijv)^ra)c and the coefhcients Qj in 
Theorem |4] have uniform bounds in a. Indeed, by Remark [T] we have 



^±ieSS Ip^ |7VCrit((H--N)^™'=)^ 



C'w,<'i- -'N)vi™'= ^ C"^ sup 
But since by Lemma [2] the transversal Hessian 

Mess %p„ 1^ Crit(('i-.-«)^™fc) 

is given by 

^ \N u.) , , Crit(<'i.-N)v>"''=)' 

j 

we finally obtain the estimate 
Cat (ii-.->N)w;™fc ^ sup 



(^Hess 



|AfCrit(('i-'«)^™fc) 



^ ^N,(ii...iM) 



by a constant independent of a. Similarly, one can show the existence of bounds of the form 
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with constants Cj^(i^,,,i^) independent oiu. As a consequence of TheoremlU we obtain for arbitrary 

^ e N 

|J..,,...,.,„(J^) - (2^1z.rgo(('-^")C';«n....«'i>n....«)l 

JV-l 



N-l 

< 

1=0 

N-l N-l 



with constants Ci > independent of both a and From this we deduce 
f ^ 

r ^ 

Je<\r,^(a)\<T 
N-l „ N 

+ E ^' / n |deti?5,,...,^(a)|da 



N N-l N 



< C5/x^ max {l, n e^''^'+^-^ '^'"'-^} + cg E max {l, [] £^'"^'+^-1 d'-'— ^ J. 
We now set 

Taking into account Lemma [H one infers that the right hand side of the last inequahty can be 
estimated by 

N-l 



C5max|^^,^''+i| +C6 E max ^'"+1} , 



so that for sufficiently large iV e N we finally obtain an asymptotic expansion for /ii...i„(At) by 
taking into account (fT7|) . and the fact that 

Theorem 5. Let the assumptions of the first fundamental theorem be fulfilled. Then 

= (27r^)«i,,...,„+0(M«+i), 
where the leading coefficient Li^,,,ij^ is given by 

a^i. dCrit((»i--«)^-'=) 



(19) L 



Crit((n..-.«)^™.) |HeSs(('i--«)V'«''=)Arcrit((n-...«)^™.)r/' 



□ 
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8. Statement of the main result 



Let us now return to our departing point, that is, the asymptotic behavior of the integral /(/i) 
introduced in ([1]). For this, we stiU have to examine the contributions to /(/i) coming from integrals 
of the form 



Iii...ie (a*) — 



J\fiJffiJx(-T,T) 



(20) 



(•S^.-..e)p('e)XBp(»e)XB^.e)^-^<(n)' 



dCc/A^'i) . . . (i^('e) 



where 

aii...ie = [aXil o (idj (g) Cn o Gi»2 o ■ ■ • o Cn...ie)] [XnJ2 ° Cni2 o • • ■ o Cji...ie] ■ • ■ [Xii...te ° Gi...ie] 
is supposed to have compact support in one of the a'-'^'-charts, and 



e 

11... je — W 



^ii...ie being a smooth function which does not depend on the variables Ti.. Now, a computation 
of the ^-derivatives of («i - «e)^«'fc g^j^y gf the a^'^'^-charts shows that ('i - ^e)^™^ ]^a,s no critical 
points there. By the non-stationary phase theorem, see Hormander [5], Theorem 7.7.1, one then 
computes for arbitrary iV G N 

e 



N 



I n \n, f''^ -'-^dr + cge^^'^+i) < C9 max |^^, /x^+i | , 



where we took e = /i^/®. Choosing TV large enough, we conclude that 

As a consequence of this we see that, up to terms of order 0(/x'^+^), /(/i) can be written as a sum 

fe<L k<l<L k<L 

N ii<---<ijv<ijv + i=L A/ ii <---<ij\f <'iA/ + i5^L 

where the first term in the last line is a sum to be taken over all the indices ii, . . . ,iN corre- 
sponding to all possible isotropy branches of the form {Hi^, . . . , (i?ijv), (-ffijv+i) = (^l)) of varying 
length N, while the second term is a sum over all indices ii, . . . ,zm corresponding to branches 
. . . , {Hij^^), 7^ {Hl)) of arbitrary length M. The asymptotic behavior of the inte- 

grals /ii...ijv (/i) has been determined in the previous section, and it is not difficult to see that the 
integrals Ii^...iML have analogous asymptotic descriptions. We are now ready to state and prove 
the main result of this paper. 

Theorem 6. Let G be a compact, connected Lie group G with Lie algebra q, acting orthogonally 
on Euclidean space M", and define 



a{x,(,X)dX d^dx, M > 0, 
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where the phase function 

is given by the moment map JJ : T*]R" g* of the underlying Hamiltonian action, and dxd^, dX 
are Lehesgue measures in T*R", and q, respectively, and a G C^(r*M" x q). Then 

/(M) = (2^M)"io + 0(M"+'), Ai->0+. 
Here k is the dimension of an orbit of principal type in R" , and the leading coefficient is given by 

(21) Lo= [ —d{RegC){x,C,X), 

where RegC denotes the regular part of the critical set C — Crit(7/') of tp. In particular, the integral 
over RegC exists. 



Remark 2. Note that Equation pT|) in particular means that the obtained asymptotic expansion 
for I{fJ.) is independent of the exphcit partial resolution we used. 

Proof. By our previous considerations, one has 

Ii^l)^i27^^lrLo + o{^l^+'), Ai->o+, 

where Lq is given as a sum of integrals of the form (|19p . It therefore remains to show the equality 
(|2ip. For this let us introduce first certain cut-off functions for the singular part Sing fl of fl. Thus, 
let K he a, compact subset in R^", e > 0, and denote by the characteristic function of the set 

(Singr^ n K)2, = {ze R2" : \z ~ z'\ < 2e for some z' e Singf^ n K} . 

Consider further the unit ball Bi in R^", together with a function l G C'^{Bi) with J Ldz = 1, and 
set ie{z) = e~'^"i{z/e). Clearly J ledz — 1, supply C B^, and we define 

(22) Ue = * tg. 

One can then show that £ C^((Singil n K)^^), and = 1 on (Singil n K),., together with 

where Cq is a constant which depends only on a and n, see Hormander [B' , Theorem 1.4.1. 
Next, we shall prove 

Lemma 4. Let a E C^(R^" x g), and K be such that suppa C K . Then the limit 

(23) hm/ ;:f''^'''^ ,,, d(RegC)(.,e,X) 

exists and is equal to Lq, where d(RegC) is the induced Riemannian measure on RegC 
Proof. With Me as in Equation (p2)) . let us define 

I I ei'*^^'^^''\a{l-uM^,^.X)dXdidx. 



Since (x,^,X) S SingC implies (x,^) G Singf2, a direct application of the generalized theorem of 
the stationary phase for fixed e > gives 

(24) \I,{^i)-{2^^JirL^{^)\<C,^Ji-+\ 
where > is a constant depending only on e, and 

jRegC |aet r (a:.^,^)|Ar(,,5,x)Regcl'/^ 
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On the other hand, applymg our previous considerations to /^(/i) instead of /(/i), we obtain again 
an asymptotic expansion of the form (I24|) for where now, the first coefficient is given by 

a sum of integrals of the form (|19p with a replaced by a(l — u^). Since the first term in the 
asymptotic expansion (|24p is uniquely determined, the two expressions for Lo(£) must be identical. 
The statement of the lemma now follows by the Lebesgue theorem on bounded convergence. □ 



Note that existence of the limit in ([23|) has been established by partially resolving the singulari- 
ties of the critical set C, the corresponding limit being given by Lq. Let now a+ £ C^(R^" xg), 
Since | | < 1 , the lemma of Fatou implies that 

RcgC^"-^'o |det ^/'"(x,^,X)|jV(^^^,RegcP/2' 



^™n i^. ///^yr ,^,, d(RegC)(x,g,X) 

is mayorized by the limit ([23]) , with a replaced by a+ . Lemma |4] then implies that 

/ u , f ^d(RegC)(x,C,X) < oo. 

Choosing now to be equal 1 on the compact set K in which a was supported, and applying the 
theorem of Lebesgue on bounded convergence to the limit ([23]) . we obtain Equation (|2T|) . □ 



[lo: 
[11 
[12: 

[is: 

[14 
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